Abstract-Substantial increases by more than 22 dB in the third-order input intercept points (IIP 3 ) of capacitively transduced MEMS-based vibrating micromechanical resonators have been attained by using contour-mode disk geometries to replace previous clamped-clamped beam versions. Specifically, a 156-MHz contour-mode disk resonator with Q = 20,500 exhibits a measured IIP 3 = 19.49 dBm, which is substantially better than the -3 dBm previously measured for a 10-MHz clamped-clamped beam resonator, and which now erases any lingering skepticism regarding the linearity of micro-scale mechanical resonators. Indeed, with IIP 3 's about 20 dBm, high Q communication filters using the micromechanical resonators of this work should now be able to replace present-day receive path filters with little degradation (only 0.11 dB) in cumulative receiver IIP 3 .
I. INTRODUCTION
Recently, capacitively-driven vibrating micromechanical resonators have been demonstrated with resonant frequencies in the GHz range with Q's still larger than 11,000 [1] , making them very attractive as on-chip frequency selecting elements for oscillators and filters in wireless communications. To date, micromechanical filters comprised of several micromechanical resonators coupled mechanically via soft mechanical springs [2] have been demonstrated with highly selective, low insertion loss performance, perhaps suitable for band-or channel-selecting filter banks [3] when translated to higher frequencies. Despite these advantages, efforts to apply micromechanical resonator technology to RF communication circuits have so far been delayed by lingering questions concerning the linearity of these devices, which must be sufficient to maintain the needed minimum cumulative receiver linearity specification for the targeted application (e.g., cellular phone).
The past few years have seen only limited efforts to measure the linearity of micromechanical beam resonators around 10 MHz [4] [5] , with less than impressive IIP 3 's. Pursuant to determining the linearity of higher frequency resonators, this paper presents a complete analytical formulation for the IIP 3 of capacitively-transduced micromechanical disk resonators, and then verifies the formulation via a modified setup that removes measurement instrument nonlinearity (c.f., Fig. 1 ). Using this setup, an IIP 3 = 19.49 dBm is observed for a 156-MHz contour-mode disk resonator with Q = 20,500, which is substantially better than the -3 dBm previously measured for a 10-MHz clamped-clamped beam resonator [4] , and good enough to replace a present-day receive path filter with little degradation (only 0.11 dB) in cumulative receiver IIP 3 .
II. INTERMODULATION DISTORTION FUNDAMENTALS
Third-order intermodulation distortion (IM 3 ) for a frequency filter occurs when system nonlinearities allow two strong out-of-band interferers spaced from an in-band frequency ω o by ∆ω and 2∆ω (as shown in Fig. 2) , to generate an in-band component back at ω o , corrupting the desired component at ω o [6] . More quantitatively, an input signal containing the desired fundamental signal plus the two out-of-band interfering signals can be expressed as 
where the first term is the fundamental component and the second term is third-order intermodulation component (IM 3 ), generated via third-order nonlinearity represented by α 3 .
Since communication receivers generally operate under interferer environments similar to that depicted in Fig. 2 , IM 3 products in the filter passband at 2ω 1 -ω 2 can be quite troublesome, as they can mask the intended received signal. As such, IM 3 distortion must be constrained below a minimum acceptable value. A useful metric gauging the ability of a system to suppress IM 3 distortion is the third-order input intercept point (IIP 3 ), defined as the input amplitude at which the extrapolated IM 3 and fundamental output components are equal in magnitude. In general, a larger IIP 3 indicates better linearity and a better ability to suppress interferer-induced IM 3 products, so is preferred for communication systems. Fig. 1(a) presents the perspective-view schematic for a capacitively-driven micromechanical contour-mode disk resonator, embedded in a setup suitable for measuring its fundamental mode output. As shown, the device consists of a polysilicon disk suspended by a stem at its center, and enclosed by two polysilicon capacitive transducer electrodes spaced 70 nm from the disk perimeter. To operate the device, a dc-bias voltage V P is applied to the disk structure, and an ac excitation voltage v i is applied to one of the two electrodes, where the other one is grounded. Note that since there is no dc current flowing with the dc-bias voltage, there is no dc power consumption. This V P v i voltage combination can generate an electrostatic force that drives the disk into vibration mode shape where it expands and contracts uniformly around its perimeter [7] , as shown in the ANSYS finite element simulation of Fig. 3(a) . The disk motion creates dc-biased time-varying electrode-to-resonator capacitors, which then source output currents i o that are linear for small motions, but that can contain distortion components when vibration amplitudes are large enough to instigate capacitive transducer nonlinearity. For the measurement setup in Fig. 1(a) , this output current can be sensed from the disk structure via a bias-tee. The electrical equivalent model is also shown in Fig. 3(b) , where R x , L x , and C x are the motional resistance, inductance, and capacitance, respectively; and C o is the static electrode-to-disk capacitance. Fig. 1(b) presents the perspective-view schematic for the same resonator, but this time embedded in the IM 3 signal measurement setup of this work. Unlike the measurement setup of [4] , where a power combiner is used to combine two off-resonance electrical interferer tones, these tones are now applied to two separate electrodes. Like the setup of Fig. 1(a) , the output current is still sensed from the disk structure via a bias-tee. This measurement setup is superior to that of [4] , because it dispenses with the input power combiner, thereby removing its nonlinearities and allowing a much cleaner measurement of device IM 3 components.
III. INTERMODULATION DISTORTION FORMULATION
To derive the IM 3 force component, a procedure similar to that of [4] can be used. First, the total force generated between the electrode and the disk can be expressed by
where d o is the static electrode-to-resonator gap spacing.
When two electrical interferer tones at ω 1 and ω 2 spaced from the resonant frequency ω o by ∆ω and 2∆ω, respectively, are applied to the input electrodes, the effective excitation voltage can be expressed as 
where ( ) and where k re is the effective stiffness at any location on the disk perimeter.
Applying (5) and (6) to (4) 
where ε o is the permittivity in the gap (in this case, the permittivity of vacuum); A o = πRh is the electrode-to-resonator overlap area; R and h are disk radius and thickness, respectively; Θ 1 = Θ(ω 1 ); and Θ 2 = Θ(ω 2 ). When (9) is equated with the fundamental force component 
The expression for power IIP 3 then follows as where R T represents the total load resistance presented to the measurement instrument. R T = R x +50Ω in the measurement setup of Fig. 1(b) . Of the five terms in (11), the first two derive mainly from nonlinear interactions between applied voltages, whereas the last three are more displacement-dependent, so become more influential as displacements increase. Fig. 4 plots V IIP3 and P IIP3 versus dc-bias V P . Here, V IIP3 is seen to decrease monotonically with increasing V P , as larger displacements generate a larger IM 3 force. In contrast, P IIP3 takes on a maximum value at V P ~ 50 V, and then decreases afterwards. The reasons: When V P is small (e.g., V P < 50 V), V IIP3 is dominated by the first two terms in (11), which are not V P dependant. In this case, the decrease in V IIP3 is slower than that of R x , hence, P IIP3 increases with increasing V P . As V P becomes large (e.g., V P > 50 V), V IIP3 is dominated by the last three terms in (11), which are strong functions of V P (since they are displacement-dominated). Thus, for this range of V P 's, V IIP3 decreases faster with V P than R x , hence, P IIP3 decreases with increasing V P . It should be noted that the dc-bias of 50 V yielding an optimal P IIP3 for the present disk resonator is much larger than the 8 V that optimized the 10-MHz beam resonator of [4] , mainly due to the larger stiffness of the disk resonator. In practice, system considerations will often limit V P to less than 10 V, putting disk devices in a regime where P IIP3 can be increased by reducing R x .
IV. FABRICATION AND EXPERIMENTAL RESULTS
The 60-MHz, 100-MHz, and 156-MHz capacitively transduced contour-mode disk resonators measured in this work were all fabricated via a polysilicon-based, self-aligned, fully-planar wafer-level surface-micromachining process previously used in [7] . The non-intrusive nature of the capacitive transducers used in this work offers the advantage of resonator geometries for which frequency is mainly determined by lateral dimensions; in this case, the disk radius. Thus, unlike most piezoelectric devices, for which lateral dimensions do not directly influence resonance frequency, a single fabrication run with a single structural layer deposition step can yield resonators covering a very diverse frequency range, all specified by CAD layout. Needless to say, this is quite desirable for future multi-band reconfigurable wireless applications [3] . Fig. 5(a) presents the SEM of a fabricated 156-MHz micromechanical contour-mode disk resonator, and Fig. 5(b) presents its measured frequency characteristic (under vacuum) using the setup shown in Fig. 1(a) , showing f o = 157.89 MHz and Q = 20,500.
For IM 3 signal testing, the setup shown in Fig. 1(b) is used with ∆ω = 2π×(200kHz). In other words, two electrical interferer tones at f o -200kHz and f o -400kHz, are applied to two separate input electrodes, where they interact with their own Fig. 1(a) ) for a 156-MHz disk resonator. induced mechanical displacements to generate third-order intermodulation forces within the resonator passband, that are then detected by a spectrum analyzer at frequencies near f o . In the actual setup, one of the electrical interferer tones is supplied by a network analyzer, which sweeps over a small frequency span (e.g., 50 kHz around f o -200kHz), tracing out an IM 3 signal peak in the vicinity of the resonance frequency f o detected via a spectrum analyzer in MAX HOLD mode [8] . Fig. 6 plots the fundamental and IM 3 output components versus input power for a 156-MHz contour-mode disk resonator biased at 7 V with Q = 20,500. (Note that the input power shown in the horizontal axis of Fig. 6 has already been calibrated from the power supplied by the signal generator to the actual power into the resonator.) From the intersection point in Fig. 6 , the P IIP3 is seen to be 19.49 dBm, which is quite close to the value of 18.95 dBm predicted by (11).
To further verify the accuracy of the formulation in Section III, Fig. 7 plots measured and simulated values of P IIP3 versus V P for 60-MHz, 100-MHz, and 156-MHz contour-mode disk resonators. As shown, P IIP3 increases with increasing resonator dc-bias voltage (as predicted in Fig. 4 ), where measured P IIP3 's of 16.7 dBm, 20.5 dBm, and 22.4 dBm for a 100-MHz contour-mode disk resonator under dc-biases of 3, 5, and 7 V, respectively; match well with the predicted curve. In addition, Fig. 7 also indicates an increase in P IIP3 with increasing resonator size, verified by measured of P IIP3 's of 24.2 dBm, 20.5 dBm, and 17.1 dBm for 60-MHz, 100-MHz, and 156-MHz contour-mode disk resonators with radii of 44 µm, 26 µm, and 17 µm, respectively, at V P = 5 V. Table 1 summarizes predicted and measured IIP 3 data for the 156-MHz contour-mode disk.
V. CONCLUSIONS
Using an IIP 3 measurement setup that avoids the use of an input power combiner, a 156-MHz contour-mode disk resonator with Q = 20,500 has been demonstrated to have P IIP3 = 19.49 dBm, which is substantially better than the -3 dBm previously measured for a 10-MHz clamped-clamped beam resonator, and which now erases skepticism regarding the linearity of micro-scale mechanical resonators. Although the measured IIP 3 is still smaller than that of present-day macroscopic image-reject filters used in cell phone circuits [6] , it is still sufficiently large that direct replacement of the latter with a 20 dBm IIP 3 micromechanical version yields a negligible reduction in overall receiver IIP 3 of only 0.11 dB. 
